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1 Mean-variance portfolio analysis and the
CAPM

Portfolio Demand and the CAPM

Assume

o) —=1,2,...,J firms in the economy,
with IN; shares outstanding. 100%
equity. Cash flow, x; at time t =1

o1 = 1,2,...,1 investors with wealth
wy,; at t = 0 and utility

u; = ui[E(w;),var(w;)],

where w; = w;; is wealth at time
t=1

e Investors have homogeneous expec-
tations

e Investors can borrow or lend at risk-
free rate of interest 7y

e No taxes, transactions costs
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Definitions

Let:

e S; = s;IN; be market capitalisation
of 7, s; is price of 1 share

e n; ; shares bought by investor ¢ in
firm 3
°

e B; is bond investment of investor 2
®0;; = var(x;)
® 0, = covar(x;,xy)

Hence
w; =X o+ Bi(1+7f) (1)
J
where

B; = wo; — X @ ;S
J
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Portfolio Demand

Investor ¢ chooses shares n;; to max-
imise utility:

max u; = uw;[E(w;),var(w;)] (2)

where

w; =3 a;jx; + Bi(1+ 7y)
J

subject to

B; +> o jS; = wo;
j
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Step 1: Compute Portfolio Mean and
Variance

Mean:
E(w;) = ’wo,z'(1+"°f)+§ o[ E(xj)—S;(1+7y)]
(3)

Variance:
var(w;) = var(X oy ;x;)
J
= 043,10'1,1 + 20,100,201,2 + ...
+ 20104501, + 043,20'2,2 + ...
2
T Q5 ;05 (4)
Hence
OFE (w;)
5 = E(x;) — S;(1 +ry) (5)
Oy, j
dvar(w;)
= 20’,7;,10']',1 —|— 20’,7;,20']',2 —|— —|— 20’,f,;,j0'j,j
da;

T (6)
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Step 2: First Order Conditions

Hence
Ou;  Ou, OFE (w;)
Bai,j - 6E(’wz) Bai,j
Ou; Ovar(w;)

+ — 0,V

Jvar(w;) Oo

or
Bu,,;
_%E(wi) OFE (w;) _ Bvar(fwi)’v
varfb(zw,,;) 6ai’j 6aiaj

Substituting (5) and (6)

Al E(x;) — Si(1+75)] = ;1051 + @ip0jz + ...
+ &;,70;.5 + ,\V/]

where
Bu,,;

o "~ dEw;
A'I’ T Bu,,;
dvar(w;)
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Step 3: Optimal Stock Proportions

This set of simultaneous equations can
be written in matrix form:

)\Z[E(m) — S(]_ —|— ’I“f)] = Aai

where

E(wl) Sl 5.1

E(x2) So QG 2
E(x) = : S = . |04 =

E(mJ) SJ ozz-,J

and

01,1y01,29+++901,J
02,1902,29 ¢009 02 J
A= 03,1903,29+4.903J

0J,190J,29 0090 JJ
The solution is

a; =NATHE(x) - S1+71p)]  (7)

(7) proves the mutual fund Separation
Theorem
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Step 4: Market Equilibrium In equi-
librium all stocks must be held, or

oy =1,V)
Summing (7) over ¢
>y = Z)\ZA_l[E(w) — S(]_ -+ ’I“f)] =1,

where

1
1
1 =
1
Solving for S
1 Al
e O R
1+ Ty A

011 +012+t013+ ... 015
AT — | P21 + 022+ 023+ ... + 025

0j1t+0j2+053+ ... 055
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Step 5: The CAPM
For stock 1:

o117 + 012+ 013+ ... + 01,9 = cov(xy,x1)
+ cov(xy1,x2) + ... + cov(x1, T y)

J
= COV |T1, 2. Tj
J=1
= cov (X1, Tm) ,

where
J

LTy = 2. &
j=1

is the market cash flow.

1 1
S; = Ex; — Xcov(wj, Tm)|

1 + Ty
(9)




Finance Theory 9

Step 6: The CAPM: Expected Return
Divide (9) by Sj,
1 E(mJ) 1 L4
— — —Ccov | —, T,
1+ 7y Sj ;

J
Define the return:

1

9

S

A

Snvar(r,,)cov(r;, ry,
E(rj) =7y + (Fm) V(741 Tm)

A var(ry)

E(r;) = ry + X'6;.

m Lj Tm
E(r;) +1 — —cov (SZ’ Spn)

9
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Step 7: The CAPM: Closed Form So-
lution

CAPM holds also for portfolios of shares

If CAPM holds for the market portfo-
lio:

E(rm) = 1§ + XBm.
But, 3,, = 1, hence
E(ry) =7rs + XN
The market risk premium:
E(ry) —ry = N.

and hence

E(rj) = vy + [E(rm) — 7£]8;.
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Optimal Portfolios: Numerical
Example

Mean-variance portfolio analysis and
the CAPM

Data: Stocks

j|E(x;) S; o N
1] 9 75 15 150
2| 38 34 2 400

P12 = 0.5

Data: Investors

/) >\z Wo,;
0.3 10

rs = 0.05
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Optimal portfolio

Step 1: Compute portfolio mean and
variance

Mean

E(xz;) — Sj(1+y)
j=1: 9—17.5(1.05) = 1.125
j=2: 38 —34(1.05) = 2.3
E(w;) = 10(1.05) 40 1 (1.125) 4 2(2.3)

= 1.125
30%,1
OF (w;
(wi) _ 3
8@7;,2

Variance

- A2 2
var(w;) = O 1011 F2064,104,201,2F0 5022

012 = 0102012 = 15(2)(05) = 1.5
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o] = 1.5 = 2.25
o; =2 =4

01.1

9

02,2

var(w;) = a?,12.25 +20100,21.5+ a?’24

dvar(w;)
= 2@1,1225 —|— 2@@21.5
6@7;,1
dvar(w;)
= 2@7;,1]_.5 -+ Zai,24
8@7;,2

Step 2: First order conditions

Ni|E(x;)—Sj(1+7f)] = oj1061+05 2000

j =1:0.3(1.125) = 2.250;,; + 1.50;,2
J=2:0.3(2.3) = 1.5 + 4y
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Step 3: Matrix form

)\Z[E(m) — S(]_ -+ ’I“f)] = Aai

2.25 1.5
A=(T5 %)
0.3 (1.125) B (2.25 1.5) (ai,l)
123 )7 1.5 4 ) as
(0.3375) B (2.25 1.5) (ai,l)
069 ) (1.5 4 )lays
Hence
(am) B (2.25 1.5)‘1 (0.3375)
a;) (1.5 4 0.69

(ai,l) . (0.5926 —0.222) (0.3375)
a;2) \—0.222 0.333 0.69

(ai,l) B (0.0467 )
;) | 0.155
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Optimal Share allocation

n;i1 = Oéz',1(N1)

n;1 = 0.0467(150) = 7

Nn;2 = Oéz',2(N2)
n; o = 0.155(400) = 62
Stock price
sy = 7.5/150 = 0.05
S = 34/400 = 0.085
Investment:

stocks
1181 + M2S2

7(0.05) + 62(0.085) = 5.62

bonds
w — 5.62 = 4.38

total 10.00

15
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2 Asset pricing: a complete markets model

Financial Theory

Assets:
Value of Cash Flows
CAPM
Options: Multi-period
Black-Scholes Models

Forward / Futures

Prices: Assets/Options
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A General Model
Initial setup and key assumptions

1.

Assume a single period from t to t 4
T.

. Assume forward parity holds.

. Assume that there are a finite num-

ber of states of the world at time
t+ T

A state-contingent claim on state 2
is defined as a security which pays
$1 if and only if state 7 occurs.

. Assume markets are complete.

5. Assume homogeneous expectations

. Assume that the price of a portfolio

or package of contingent claims is
equal to the sum of the prices of the
individual state-contingent claims.
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1: Single Period Model

0 1

t -t+4T

e Nothing happens between t and t 4
T

e Dividends are paid either at t or at
t+ T

e No trading between t and t + T
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2: Forward Parity

Assume no dividend paid between t
and t + T

Synthetic forward strategy:

1. Borrow S; (price of stock)
2. Buy stock
3. Repay Si(1+r)att+T
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e Net cash flow at t is zero.
e Net cash at t+T is Sy 17— Si(1+7)

e S;(1 4+ r) must be forward price

1
® a+r) — By

St
Bty

o F; tt+T —
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3: Finite State Space

L1,9

T1,0

L1,

<

state
9,9
g,0

g,b
0,9

o,b
b,g

b, b

market

mm,3 -
mm,4 -

mm,5 -

mm,6 -
LTm,7 —

mm,8 -

21

= mlag + mZag

m1,g + m2,0

T1,g+ T2p
m1,0 + m2,g

m1,0 + m2,0

T1,0+ T2p
T1p+ Tag

Tip + T20

Tip + Top
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4: Complete Market

Buy (or construct) state contingent claims
e Buy an option paying $1 if £ > k;
e Sell an option paying $1 if ¢ > k-
e Portfolio pays $1 if k1 < x < ko
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23

5: Homogeneous Expectations

Lj.g

= .5

Pj.b

Firm 3

100

80

e Investors agree on cash flows, x;

e Investors agree on probabilities, p;
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6: Asset Forward Price

Law of One price

Fjiirr = S(Tjti1,i Qi)
1

Fj = 3(qi;,)

24



Finance Theory 25

Properties of the state price
1. The state price, q;, is always greater
than zero.

2. The state pricessum to 1, i.e. =; q; =
1.
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State Price, Pricing Kernel

T Tm state price  prob pricing kernel
Tom,1 q P1 ®1
T1,9 < Lm,2 q2 P2 b2
Tm,3 qs ps ®3
Tma4 qa P4 P4
T1,0 < Lm,5 qs Ds o5
Tm,6 de De P
Tm,7 qr D7 7
T1p < Tm,8 gs Ds s
Tm,9 99 Po P9

:q
[

x1,4(q1 + g2 + q3)
21,0(q4 + q5 + gs)
x1(g7 + gs + q9)

+ +
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The Pricing Kernel, ¢;

q;
¢i — T
Di

The properties of ¢; are as follows:
1. Since p; > 0 and q; > 0, this means

the pricing kernel ¢; is a positive
function.

2. E (¢) = 1.
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Normality of x,,: The CAPM
Fj = 3(2jiqi) = 2pi (¢ j3) = E (¢ z;)
F; = E(xj¢) = E(¢) E (x;)+cov (¢, x;)

Fj = E (x;) + cov (¢, x;) -
F; = E (x;) + cov [p(xy), ;] .
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Covariance and joint probability

Covariance definition

cov(z,y) = E{lz — E(z)][ly — E(y)]}.

E(x) = p(x1)xs + p(x2)xs + ...
E(z) = Lp(zi)w;

E(y) = p(y1)y1 + p(y2)y2 + ...
E(y) = X p(y)y:

Let p(x;,y;) be the joint probability of
x; and y; occurring, then

cov(a:, y) — p(iB1, y1)[$1 — E(m)][yl — E(y)]
+ p(x1,y2)[z1 — E(z)][y2 — E(y)]
+ ..

+ p(xi; yj)[®:i — E(2)]y; — E(y)]
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Stein’s Lemma
If x,y are joint normally distributed

cov(g(x),y] = E[g'(x)]cov(z,y)

Hence

cov(@;, $(@m)] = B¢ (@m)]cov(x;, Tm)
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Stein’s Lemma

Examples:

1.

covlg(z), y] = Elg'(z)]cov(z, y)
let
g(x) =a+ bx
g'(x)=>b
cov[g(x),y] = b cov(x,y)
2. let
g(x) =a+ bx + cx?
g (x) = b+ 2cx
covl[g(x),y] = [b+ 2cE(x)]|cov(x,y)
3. let
g(r) = e*
g'(z) =€"
cov[g(x),y] = E(e*)cov(x,y)
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CAPM: Derivation:
Forward-Cash Flow Version

F; = E (xz;) E(p(xm)) + cov (zj, p(xm)) -
Fj = E () B($(wm)) — Kcov (24, @m) -
= E (x;) — £cov (), @m)
k = —E[¢ (zm)].
Since

F,, = E (x,,) — kcov (T, T,)

E(x,,) — Fn,
Kr —
var(Ty,
and
E(x,,) — F,,
Fy = B(ay) — 20m) = ()

var(Ty,
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CAPM: Applications

1. Cost of capital

e For firm

e For capital project

2. Valuation of non-listed equity

3. Mergers and acquisitions

For applications see Brealey and My-
ers, Copeland and Weston
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APT Arbitrage Pricing Theory

We assume there are k factors and for
factor fj the factor loading is (.

K
Tr; = a; + kzl Bikfr + €;

where €; is independent of f;.

cov (xj, p(xm)) = kgl Bircov (frx, ¢(xm))+cov(ej, ¢
1. E?j =0
2. cov (g, p(xy,)) =0

If e;, = 0 or cov (g, p(xm)) = 0, then

cov (zj, p(xm)) = g Bjixcov (fi, @(Tm))

F; = E(«’L‘g) + Bj1cov (f1,¢(wm))
+ /BJZCOU (fZa qb(wm)) + -
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The Pricing Kernel: An Equilibrium Model

e Assume a 'representative agent’ econ-
omy

e Let w1 ; be the wealth of the in-
vestor in state ¢z at time ¢t + T'.

e Assume that the investor is endowed
with investible wealth w; at time ¢

e The investor can purchase state-contingent
claims.

e Choose a set of state-contingent claims
paying w; r,, given a budget alloca-
tion of cash, w;.
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We make the following additional as-
sumptions:

1. The investor maximises the expected
value of a utility function u(wir).
Hence the investors problem is:

mazE [u (wiir)] = X pi u(wigr,;)
subject to

> WiiTq G4 Bt,t+T = Wy (10)

2. The utility function has the prop-
erties u/(wiir) > 0 (non-satiation)
and u”(wsi ) < 0 (risk aversion).
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A two-state example:

max plu(wt+T,1) + qu(’wt+T,2)
subject to

[wirT1q1 + WeiT,2q2] Bt = Wy
Lagrangian:

L = piu(wiir,) + pru(wiir,2)
+ A{tht_, t1+T — WiyT,191 — WeiT2q2}

FOC for a maximum:
OL

3’wt+T,1
oL

3’wt+T,2

=p1 v (Wir,1) — 1A = 0.

= p2 v (Wirr2) — @2A = 0.
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Summing over the states 2

p1 U (weyra)+P2 ' (Werr2) = A(q1+42)
or
Elu/(wiir)] = A,
since q; + g2 = 1.
Substituting for A
p1 v (W)
E [u (wiyr)]
p2 v’ (WiiT2)
E [u (wiyr)]
and hence the first order conditions are
satisfied if

u (weyry) q; .
, - = — = ¢4, Vi.
E [v (wegrr)] D

qdi,

qz,

U (To,i)
¢; = ;
E (v (Tm,i)]
Hence we have

¢ = ¢(mm)a

: Vi.
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Case 1: Risk Neutrality
u (wirr) = a + b wyy T,

u’ (wt-I-T) = b,
E[u' (wiir)] = b,

u' (W)

B (wer)]

d; (Witr) =



Finance Theory 40

Forward Price Under Risk Neutrality:
In this case, the forward price is

E (¢ x)

= FE(1-x)

= E (Fiiri+r)

Fiiyr
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Case 2: Utility is Quadratic

Assume utility is given by:

u (wirr) = a + bwyir + 5fwt2+T
u (weir) = b+ 20wt
u' (wiiT)
¢ (w =
(1) = B T (wir)]
b —|— 25wt+T

b -+ 20F (wt_|_T)
20cov (Wi, TiaT)

b -+ 20F (wt_|_T)

cov (@ (WiyT) s TeyT| =

Then
Fiirr = E (xey7) + K cov (Weyr, Tesr)

where

20
Kr —
b -+ 20F (wt_|_T)
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Asset specific pricing kernel

For asset 3, we can write

F; = E (¢x;)
E[E (¢ |z;) xj]

F; = E (y;x;)
Y; > 0. E(;) = 1.

Example:

Figure 1.2

¢w1,g — E(¢|$1 — m1,g)

Yz, = D191 + P22 + P33

42
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Other Readings:

Huang C-F and R.H. Litzenberger (1988)
Foundations for Financial Economics,
North Holland, Chapters 1 and 4.

Pliska (1997) Introduction to Mathe-
matical Finance, Blackwell, Chap-
ters 1 and 2.

Cochrane (2001) Asset Pricing, Prince-
ton, chs 1-6

Copeland and Weston (1988), Finan-
cial Theory and Corporate Policy,
Addison-Wesley.
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3 Option pricing and risk-neutral valuation

Options and Contingent Claims

A contingent claim on a cash flow x
pays some function g(x). The payoff
g(x) is contingent on the payoff = on
the underlying asset.

A European-style call option maturing
at time t + T, on a cash flow x pays

g(x) = max[x — k, 0]
A European-style put option maturing
at time t + T, on a cash flow x pays

g(x) = max[k — x, 0]
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The Normal Distribution

If f(x) is normal with mean p,, and
standard deviation o,:

1 —ﬁ[w—ﬂm]z

f(m):me B

The standard normal distribution, has
mean 0 and standard deviation 1 is

1y

e 2
The cumulative normal distribution func-
tion 1s

F(z)=["_ f(u)du

The cumulative standard normal dis-
tribution function is

N(y) = /7 f(u)du
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o If f(x) normal,

E(z) = [ zf(x)dz

E(x>a)=["zf(x)dx

® The normal distribution is the limit
n — oo of a binomial distribution
with n steps
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The Joint Normal Distribution

e pz)l o=z +(y uy) 2pmagmy05y]

o If f(x,y) joint normal, f(x) and f(y)
are normal

o If f(x,y) joint normal, the condi-
tional distribution f(x|y) is normal

® The regression of x on y is

PO

o (¥ — 1y)
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A Simple Option Pricing Model

Assume quadratic utility for the repre-
sentative investor and joint-normal dis-
tribution

From ch 1

u(xy,) = a—+ bz, + 5:13,,271

o u’ (Tm)
2 = B

b+ 20x,,
b+ 20FE (x.,)

Hence in this case

¢ = A+ Bx,,.

Flg(x)] = E[g (z)]+cov (g (x), A+ Bxy)

Using Stein’s lemma

F g (x)] = E[g (x)]+BE[g' ()] cov (z, )
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The contingent claim is a call option
where g () = max (xz — k,0).

E [¢' ()] = prob (x > k) and hence
Flg(z)] = E[g (¢)]+B [prob (z > ’2]1)00’0 (, Tm)
F,, = E[x,,] + B var (x,,)
F,, — E(x.,,)

var(Ty,)
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An application: Valuation of
Corporate debt

Assumptions:

1.

Company assets produces cash flow
x; at time t + T

. ; and x,, are joint normal

. Bonds outstanding B;,r to be re-

paid at time t + T’

. Equity is call option receives:

g(x) = max|[x; — By, 0]

att+ T
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5. Forward value of equity is
Flg(x)] = E[g(x)]+B [prob(z > k)]cov(z;, Tm)
6. Spot value of equity is
S¢ = Flg(2)]Besir

7. Value of company assets is V;

8. Value of the debt is
Vi — S
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The Black-Scholes Model

e Purpose

— To price options on stocks
— To value corporate liabilities
— To evaluate credit risk

e Assumptions

— Lognormal asset price

— No dividends

— Option is European-style
e Main Features

— Preference-free relationship
— Mean of asset not required

— Inputs: asset price, volatility
e (Generalisations

— Forex options

— American-style options
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Pricing of Contingent Claims
Fiiir g (xjerr)] = % qig (xjt+71,)
= %Pi@bz’g (xjt+1,)
= E g (xjt+7) D]

= E [g(z;) E(¢|z;)]

= E [g(z;)¢(x;)]
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Characteristics of the Pricing Kernel,

VP
Assume that

P = aw?

where a« and 3 are constants.

The asset specific pricing kernel has
constant elasticity.

The elasticity of the pricing kernel de-
fined by the relationship:

0y /Y
8$j/$j
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Special Case of Options on x,,

Conditions for constant elasticity

e In this case ¥; = ¢(xm)

® ¢(x,,) has constant elasticity if the
representative investor has power util-

ity
o If u(x,,) = = then ¢ has constant
elasticity
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The Lognormal Distribution

If In(x) is normal with
E[ln(2)] = pay var[in(a)] = o
then x is lognormally distributed

If f(Inx) is normal with mean u,, and
standard deviation o,:

1
e—ﬁ[lnw—um]z

1
flne) = o

e The lognormal distribution is the limit
of a process where In x is binomial

e Assume a stock price S; goes up by
a proportion v with probability p or
down by d with probability (1 — p)
then S; is log-binomial
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Further Properties of Lognormal
Variables

1. The expected value of a lognormal

variable: Let Y be lognormal, with
y = In(Y)

E(Y) = E(e¥) = et 2%
2. Also,
E(Y") = E(e") = ebvtatoy,

3. If x, y are lognormal, xy is lognor-
mal.

Inzy =Inx+Iny
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It follows
E(lnzxy) = E(lnx) + E(Iny)

or
E(Inzy) = po + py
var(Inxy) = var(lnz) + var(lny)
+ 2cov(lnz,Iny)
or

var(Inzy) = ai + 0'5 + 204,

4. It follows:

E (wy) — eE(ln wy)—i—%fva’r(ln xy)
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A General Binomial Process

Su™
< (n,mn)
Su?
. (2,2) <
(1,1)
S Sud Su™"d"
(0,0) (2,1) (n,n —r)
Sd
(1,0) o
(2,0) <
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60

A Log-Binomial Process

2lnu

Inu (2,2)

(1,1)
1 Inu+1Ind

(0,0) (2,1)
Ind
1,0

( ) 2Ind

(2,0)

nlnu
(na n)

—r)lnu+rind
(nym — )

VNN
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Lognormal x; and the Black-Scholes
Model

Properties of

Lognormality
Pricing Risk-adjusted
Kernel PDF
Forward RNVR

Price of x;

Black-Scholes
Model
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Module 1: Notation and Lognormal

Properties
E[lnx] = p,
var [Inz] = o?

xr

e_ﬁ[lnw_ﬂm]z

fnz)=

nr) ———
O\ 27
E(z;) = el i

B\ __ ,Bum—l—l,Bzo'g
E(:BJ) = e 2
Option payoft:

g(z;) = g (%) = h(Inz)
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Module 2: Asset Specific Pricing

Kernel
Flg(z))] = Elg(z;) ¢(zm)]
= Elg (z)) E [¢(xm)|z;]]
= Elg (2,) ¥(a,)]
Assume that
Y = aw?
where a« and 3 are constants.
Elasticity:
_ 99/,
Ox;/x;
.y
n = _aﬁmjﬁ'_l Jg = —0

E(v;) = 1 implies that

a = e Pra—38°0%
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Module 3: Risk-Adjusted PDF

PDF of x;:

1 — L nz,—pe
f(ina;) = e 23T

O\ 2T
Risk-adjusted PDF of x;:

]2

fna)) = fna)y(@;) = axf—

f(lnzx;) = e‘ﬁ”m_%ﬁz"ga}?

Q‘I—\
Do
R)

O

— Ly [In @) — (4o +B02)]2

T

f(ln a:j) =

e

1
o,V 2T

64
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Module 4: Forward Asset Price of x;

From ch 1:
F; = Elz;v(z;)]

F; = elotrutsoitsoftom

since E(v) =1

FJ = elim+%0'33+0'm¢

1
In F; — 50'33 = Uy + Oy
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Module 5: The Lognormal RNVR

Under Risk Neutrality:

Elg (x;)] = E [h (Inx;)]
= /h(ln mj)f(lnmj)dln Ly

Fj = E(x;) = elvt2%

Lslnz;—(In F—302))?

Bly(e))) = [h(lnz;) e 3 dh

Under Risk Aversion

——L [In z;j—(In F—%O’%)]z

Flg(e))] = [h(lnz;) e 3 ah
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Module 6: Option Prices: The
Black-Scholes Model

Flg(z;)] = E |g (z;) ¥ (x;)]

Lslnz;—(ln F—302))?

Flg(@))] = [h(lnz;) e 3 dh



Finance Theory 68

The Black-Scholes Model: A Call
Option

A European-style call option on x;, with
strike price k has a payoff at time t+7T':

9(w;) = maz(z; — k,0).
or
h(lnz;) = max(e™® — e™*,0).
Flg (z)] = [°._ max <eln”’j — k, O) f(Inz;)dlnx;

where

1 12412
e—ﬁ[ln :cj—(ln Fj_io'm)]

R 1
f(nz;) = o2

Flg(2)] = fny (€™ — k) f (Inz;) dInz;

Flg(z)] = [> "% f(Inz;)dInz;
— koo f (Inz;)dlnz;.
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The Normal Distribution

Probability y > a

and

1 f(y)dy.

[ sy =1-N [0 ()
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The Normal Distribution

Expected value of eY given y > a
. e'f(y)dy

Hy — @

Oy

[ eV f(y)dy = N (

1_2
+ Uy) etvt2y,

Evaluate the integrals

y=Inz; and a = Ink.
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The Normal Distribution

Applying the above results and sub-
stituting the mean of f (Inzx;), pu, =

In (F;) — %g and a = In k, we have

N(“y_a):N
Oy

mﬂ—ﬁ—mﬂ

Oy

and

N (“y —a + O'y) e“y+%"§

Oy
In F} —%%—lnk—l—ai

Oy
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The Black-Scholes Model: Forward

Price
2 2
Int — % 2 Inf — %
xr O-CB

Asset forward price F}

2

The (logarithmic) variance o7,

The strike price of the option, k.
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The Black-Scholes Model: Spot Price

2

F_ oy 2
lnk: 2+0w

O

Silg(x;)] = BisyrF;N

Inf _ %
— By kN k21,

Ox
or, using conventional notation:
Stlg(x;)] = BeiyrFjN (di)—BisirkN (dz) ,
where
_ My +F

Ox
dg = dl — O .
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The Black-Scholes Model:
Applications

1. Non-dividend paying assets:

2. Assets paying a non-stochastic div-
idend:

3. Assets paying a stochastic propor-
tional dividend
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The Black-Scholes Model:
Non-dividend paying assets

In this case, spot-forward parity for
the underling asset means that the spot
price of the asset is

St = F;Bt iy,

where By v = e "l and r is the con-

tinuously compounded interest rate.

St[g(azj)] = StN (dl) — ke_TTN (dg) ’
(12)
In % + rT + %g

O

dg :dl—O'w
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The Black-Scholes Model: Assets
paying a non-stochastic dividend

known dividend D;,r at time t 4+ T'.

In this case, spot-forward parity im-
plies

S: = (Fj + Dyy7) B i,

Silg(x;)] = (Si—Diyre”™" )N (di)—ke ™ N (d2)

where

S, —D —rT 2
In 2t==tT€ 4 T2 L g
dl _ k 2

d;

O
d]_ - O-wo
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The Black-Scholes Model: Assets
paying a stochastic proportional
dividend

Dt—|—T = 5$J

St — FJ(]_ —|— 6)Bt,t—|—T°

S, B
where
2
g ln(l*jfa) +rT —Ink 4 ¢
b (o)
dg = dl — O .
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Spot-Forward Parity

1. Non-dividend paying assets:

St = F;Bi sy,
S
F,=—""
BT

2. Assets paying a non-stochastic div-
idend:

St = (F; + Dy ty1) By iy,

S
Fi=-—" — Dy
BT

3. Assets paying a stochastic propor-
tional dividend

St — FJ(]_ —|— 6)Bt,t—|—T°

B = g4l
J_Bt,t—|—T 140
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The Black-Scholes Model: Extensions

S Ot W N =

. Multivariate Options:

. Compound Options:

. Bermudan-style options
. American-style options
. Non-Constant Elasticity

. Non-Lognormal Asset Distributions
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4 Multi-period asset pricing

Asset prices in a Multi-period
Economy

1. Chapter 5: Extension of ch 1 model
to multiple periods

2. Chapter 6: Application to analysis
of Forward contracts and Futures
contracts
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Motivation

1. Valuation of a company: more real-
istic model

2. Capital budgeting: Should an In-
vestment project be accepted

3. Does the CAPM extend and apply
in a multi-period world?

4. Basic problem

e Multiple dates
e Multiple states at each date
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Asset prices in a Multi-period
Economy: Introduction
e Valuation under certainty
e Time-state preference approach

e Rational expectations approach

82
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Asset prices in a Multi-period
Economy: Certainty Case

t+1 t4+2 ... t+n
Xj9t+]- Xj9t+2 °ee Xj9t+n
Bt,t—l—]_ Bt,t—|—2 cee Bt,t—l—n

St Biii1( X1 + Sjet1)
Sitt1 = Biy1tr2(Xjere + Sjtr2)

Byyo13(X; 43 + Sjt43)

Sjt+2

Sj,t—l—n—l — Bt+n—1,t—|—an,t—|—n

Sjt = Bi1+1 X111+ Brir1Birig+2X 5 142...
+ Bii+1Bir1,t42---Bitn—1,t4nXjt+n
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Asset prices in a Multi-period
Economy: Basic Set-up

1. Markets are complete. Investors can
purchase claims that pay $1 if and
only if a given state occurs at a given
point in time.

2. Assume there are just two periods;
period t—t+1 and period t+1—t+42.

3. Value a stock 3 which pays dividends
Z;¢t1 at time t+1 and x; 2 at time

t 4 2.

4. There are 1+ = 1, 2, ..., I states
at time ¢t + 1 and there are k =
1, 2, --., K states at time t + 2.
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Asset prices in a Multi-period
Economy: Basic Set-up

t

_I_

o
ARTAT

[

RN D~
UL = N
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Time-State Preference Approach

1. Treat each period cash flow as sep-
arate valuation

2. Define Cbt,t—l—l = Qi/pi

3. Define ¢; 12 = qi/pr
and so on.

Then applying ch 1 for each T':
St = Y FiiirBiitr,
T=1
where

Ft,t—l—T =F [¢t,t+TCBt+T] .
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Rational Expectations Approach:
Basic Set-up

Consider the following state diagram:-

p; 1s the probability of state ¢ occuring
at time t + 1

Di.k qi.k

D; k. 1s the conditional probability of state
k occuring at t 4 2

q; is the forward price of a dollar paid
if and only if state 7 occurs.

qir is the (conditional) forward price,
in state 2 of a dollar paid zf and only
1f state k occurs.
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Equivalence of TSP and RE Prices:
Example

Leti=1,2,k=1,2,3,4

Assume a state space as follows:

t t+1 t 4 2
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Equivalence of TSP and RE Prices:
Example

1. Zero-coupon bond prices

Bi i1
Bii1,t42.1
Bii1,t42,2

2. Forward state prices

i,k
i,k
i,k
i,k

qi, t =1
qiy T = 2
1=1,k=1:
1=1,k=2:
1=2,k=3:
1=2,k=4:

0.9
0.9
= 0.8

- 1
Y )

qi,1
q1,2
qz2,3
q2,4

4/9
5/9
4/9
5/9
1/2
1/2

89
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Equivalence of TSP and RE Prices:

Example
t t+1 t+4+ 2
? 1
(4/9)(0.9).(4/9)(0.9)| 0.4
—0.4 1

Note: 0.4 is spot price at date 1, in
state 1

Strategy ensures $1 in state 1 at date
2
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Rational Expectations Approach

Using ch 1 method:

St = Bi111 X Pi®Pti1,i Stt1,
Biiiv1 Ey (¢tt+1St+1)

This is the value of x;,5 at time t.

Substituting for S;,q:

Sy = Bt,t—l—lEt [¢t,t+1Bt+1,t+2 Et—l—l (¢t+1,t+2 €13t+2)]
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The Fundamental Equation of
Valuation

The value of any cash flow x; ¢ r:

Sit = Biir1EGrir1Biv1p12Fi11(Pr11,042
oo Biar 1447 B 1(Pt4r-1447Tjt+1))]

where ¢, 1 1s the period-by-period pric-
ing kernel.
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The Relationship Between the Pricing
Kernels when Interest Rates are
Non-stochastic
The cost of a claim on state k is By 14 2qg.
Alternatively, cost is

Bii+19iBi11,t+29; k-
Hence

Biii2qr = Bii119iBii1,i42Gi k-

dr q; qi.k
Biiio— = Biir1—Bit1,42 ’
Pk Di Di.k

and hence

Bt ot i+2 = Biir1Pti+1Bi41,i42P8+1,042-

But since in this case, B 12 = Bt 11Biy1.442,
we have

Dtp12 = Prir1 Pei1,tr2-
or, in general

Pt i+T = Dtp+1 Pri1,t42+-PtaT—1,4+T-
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Rational Expectations Approach:
Basic Set-up

We now define the period-by-period pric-
ing kernel by the relationship:
qi,k
Dt4+1,t42,ik = :
Di.k

Using this we can write:

Stt1,i = Bt—l—l,t—I—Z,i%pz’,k¢t+1,t+2,z’,k LTt42,k

= Bt—l—l,t—l—Z,z’ Et—l—l,i (¢t+1,t+2,z’ i13t+2)

This is the value of x; 5, at time ¢t 4 1
in state 1.
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The Structure of State-Contingent
Claim Prices

Timet Timet + 1 Time:

Spot price at
t of $1 paid at t + 2 q;

Spot price at
tof $1 paidatt + 1 q;

Spot price at
t+ 1of $1 paidatt + 2 q;,

Period — by — period | g;q;, q; $1
valuation
One — long — period
valuation q; $1
qf QiBt,t—|—1
q,’; = QkBt,t+2

*

q; 1

Qi kBi+1,t+2.i
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Equivalence of TSP and RE Prices

t t+1 t4 2

—QqiBtiy2 1

—qiBt 1419k Bti1,t42,i | +qi x Biy1t+2.
—qikBir1t424] 1

t t+1 t+ 2
—q,’; 1
—4;q; | +49; 4

9
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Rational Expectations Equilibrium:
Joint-Normal Cash Flows

Sit = Biir1Et|dri11Bir1,s12Fi1(tr1,642Tj842)]

Alternatively, this pricing equation can
be written as

St = Briy1Ey [¢t,t+15 ',t—l—l] ’

where
Sitr1i = Biy1gr2,iBt11,i(Ptr1,642,iTj042)]-

From ch 1, the CAPM holds over t + 1
to t + 2:

Sitr1i = B2, Ery1,i(Tje12)
— At41,iCOV41,i(Tjt 425 Tmt2)]-

where Ayt is the market price of risk
in statez att+ 1
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Multi-period Valuation: Joint-Normal
Cash Flows

Sitr1i = B2, Ery1,i(Tje12)
— At41,iCOV41,i(Tjt+25 Tmt2)]-

Now assume:

1. B¢y1,t+2, 1s non-stochastic
2. At+1, 1s non-stochastic

These assumptions were made by Sta-

pleton and Subrahmanyam FEconomet-
rica (1978)

Then it follows that:
The value, S; 11,4, is normally distributed.

Also Sy,.t11,i, is normally distributed
and the conditions for the period-by-
period CAPM hold.
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Multi-period Valuation: Joint-Normal
Cash Flows

Sit = Biav1 [Et (Sj41) — Aecov (Sjtr15 Smaptt1)] -

Substituting for the time ¢t + 1 prices,
we can write:

Sj,t = Bt,t+1Bt+1,t+2Et(€Bj,t+2)
— Bt,t—|—2>\tcovt [Et+1(il3j,t+2)a Et+1(il3m,t+2]
— Bt,t—|—2>\t—|—1covt—|—1 [iﬂj,t+2a iBm,t+2]
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Multi-Period Valuation: Extensions

1. If Byyq442; 1s stochastic: Intertem-
poral CAPM (Merton, Long)

2. Equilibrium model to determine ¢; 441,
ch 5.8

3. Consumption CAPM, see Cochrane
4. RE approach, see Pliska

5. Applications: Futures v Forward prices
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5 Forward and futures prices

Forward Contracts and Futures
Contracts: Motivation

e Futures contracts are the way most
contracts are traded on public ex-
changes

e In the case of interest-rate related
securities the difference between for-
ward and futures prices is impor-
tant

e Determine futures prices of options
(as traded on LIFFE)

e Futures prices are expected values
(under risk-neutral measure)
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Forward Contracts and Futures
Contracts

e A forward contract is an agreement
made at a point in time t to pur-
chase or sell an asset at a later date
t+T.

® A futures contract is similar to a for-
ward contract but is marked to mar-
ket on a daily basis as time pro-
gresses from t tot + T'.
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Futures Contracts: Payoffs

A long futures contract made at time
t, with maturity 7', to buy an asset at

a price Hy 1 has a payoftf [Hy 417 —
Hi\r_1.447| at time t 4 7.

Hence the payoff at time t41 is Hy 1 17—
Hy; 7

A short futures contract made at time
t, with maturity T, to sell an asset at a
price Hy ;1 has a payoff [—Hi i i17 +
Hi\r_1.447| at time t 4 7.

Hence the payoff at time t+1is —Hy g 417+
Hy 7
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Forward Contracts: Payofts
The payoft on a long forward contract
is [Sitr — Fr4er) at time t + T,

The payoff on a short forward contract
is [— S+ + Fior) at time t + T
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Forward and Futures: Payoffs

t t+1 t 4+ 2 t+ 3 t+ 7T

Futures H; 47 Hiiopyr Hiyzpir -+ Hijrgir

contract —H;; 7 —Hy 147 —Hijopir -+ —Hiir 1447
Forward St
contract —Fiiir

Long Futures and Long Forward

e Futures is marked-to-market daily

e Forward pays off at end of contract
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Characterization of Futures Price

[CIR (1981) Proposition 1]

Consider an asset with a price §t+T at
time t + T'. The futures price of the
asset, Hysy7, is the time t spot price
of an asset which has a payoff

St

Bii11Biii1t12 Beyr—1,041
at time t + T'.

Cox J.C., J. E. Ingersoll Jr and S. A.
Ross (1981) The relationship between
forward prices and futures prices, Jour-

nal of Financial Economaics, 9, pp.321-
346.
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A Three-year Example
Strategy
e Time 0: invest Hy 3 overnight

1
Bo,1

e Time O: long futures

e Time 1: re-invest proceeds overnight

1

e Time 1:
By,1B1,2

long futures

e Time 2: re-invest proceeds overnight

1
By,1B1,2B2 3

e Time 2: long futures



Finance Theory 108

Characterization of Futures Price

) Profits from Gain from Net
Time ] . L.
futures investment position
0 — — H()’g
1 1 1
1 Bo, 11,3 — Hoj] By [Hosl Boy [H1.3]
1 1 1
2 Boy B [Ha3 — Hy 3] Boab; [H1s] BoaBis [H 3]
3 Bo,131,232,3 [H3’3 o H2’3] Bo,131,232,3 [H2’3] Bo,131,232,3 [H3’3]
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Characterization of Futures Price

e The futures price for immediate delivery at
T:3iSH3,3253

e The strategy turns an investment of Hg 3

: S
into a cash flow of 3 .
By,1B1,2B2,3

e In general, an investment of Hy 4y 7 can be

turned into
St
Bt,t+1Bt+1,t+2Bt+2,4+3--BiyT_1,44T

e Hence Hy p must be the value of this pay-
off.
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Characterization of Forward Price

[CIR proposition 2]

Consider an asset with a price Si.r at time
t 4+ T'. The forward price of the asset, Fi i,
is the time ¢ spot price of an asset which has a
payoft N

St

BT
at time t + T'.
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Characterization of Forward Price

o Invest Fy 4y in a T-maturity risk-free bond
at time ¢ at the long bond price, By ¢t

e Take out 1/By 1 long forward contracts
to buy the asset.

e Time t + T, the payoff of the risk-free bond
Investment 18 Ft,t+T/Bt,t—|—T7

e Forward contract payoft is
(St+r — Frev1) /Biyr.

o At time t + T, the combined position is
Sti1r /Bt

® S0 Fi 447 is the time € value of ST /Bt



Finance Theory 112

Pricing under Rational Expectations

St 1s the value of oy 3:

St = Bii1E{ Dt t11Brr1012FEt11[Pt41,642
Bii2i+3F12(Pit2,t43T843)] }

where @ r41, are the period-to-period pricing
kernels.

St = E{dtir1Ei 110111 t42Ft12(Pri2,t43
Bt,t+1Bt+1,t+2Bt+2,t+3iBt+3)] }9
The futures price Hy 43 is the time-t value of

Ti+3
Bit+1Bi+1,t+2Bt+2,t+3

St — Et{¢t,t+1Et+1 [¢t+1,t+2Et+2 (¢t+2,t+3
L3 )]}

Bii11Bii1,t12Bt42,t43
Bii11Bii1,t12Bt42,t43

Hii113 = E{drir1E11[Ot41 t12FEt2(Dtr2,t43Te13)] }
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A Great Result

Ht,t—|—3 = Et{¢t,t+1Et+1[¢t—|—1,t—|—2Et+2(¢t+2,t+3wt+3)]}

H;; 3 = E?{Egﬂ[Et%z(mHS)]}
EZ(w443)
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Futures Price: Interpretation

e Under risk neutrality, futures = expected
payoft

e Futures price has 'martingale property’” un-
der @ (risk-neutral) measure

e Compounding effect offsets stochastic dis-
counting

e Under risk neutrality, forward 7 expected
payoft
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The Forward Price

the forward price of x4, 3 is the spot price of an
asset paying ¢43/ B3 at time ¢ 4 3.

Q Bt,t+1Bt+1,t+2Bt+2,t+3€Bt+3
Ft,t—|—3 — Et .

Biiys

T Bt—l—r—l,t—l—r

Lt+T| »

Fii.7 = EP

=1 Byiir

T-1 B 1,44
bty = 1I .
=1  Biir

ER(biir) = 1
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The Forward Price
Ft,t—l—T — EtQ (bt,t+T€Bt+T)-
Fiirm = EtQ(bt,t—l—T)EtQ(mt—l—T)‘l‘cov?(bt,t—l—Ta TiiT)-

Fiiyr = Hygyor + CO’U,f2 (bttsrTs TitT).
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The Forward Price: Interpretation

e Forward price = Futures price + covariance
term

e Covariance may be positive for many assets
e Covariance is positive for bonds

e For bonds, Forward price > Futures price
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An Example: Lognormal Variables

Assume:

e =, 1 is lognormal

i ¢Zt+T = Pt,t41Pt+1,t+2Pt+2,1+3--- 15 log-
normal

® by 17 is lognormal

If ,y are lognormal with

Hzs O

Then
E(zy) = E(x)E(y)e"
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Futures price:

Hiy .7 = E(xg)
= E(z)E(¢)e”¢
= E(x)e=¢
— ettt 00

1
_ pHat305+000

119
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Forward price

Fiiir = E(xbo)
— E(w)E(bgb)ecov(lnw,ln bo)
— E(m)ecov(lnw,ln b)+cov(ln x,ln ¢)

1

1
pr— e#m+§0'3;+0'm,b+0'm,¢

120
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The Forward and Futures Prices:
Lognormal Variables

Then:

e Futures price:

1_2
Ht,t—'—T — eﬂm+20'm+0'ac¢.

e Forward price

1 _2
Figor = etz 12920zt Tub,
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The Forward-Futures Bias:
Lognormal Variables

[
Fiiom = Hyyor €770
[
Oxp = OxO0pPxb
e For Bonds

Pzxb > O
e o Is non-annualised

e Forward-futures bias increases with matu-
rity of futures
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The Forward-Futures Bias: Further
Results

e Interest rates: inversely related to bond prices

e Section 6.5: define futures rate by:

Ht,t-I—T — e —hy o .

e Define forward rate by:

Fisip = e e,

Fiiir
In = ht,t—l—T — ft,t—l—T = O by
H; 7

e Futures rate > Forward rate

e Important for interest-rate modelling (see ch
7)
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The Forward-Futures Bias: Further
Results

e For contingent claims (options) bias is mag-
nified

e On LIFFE, Sydney, options traded on fu-
tures basis

e Sce section 6.6
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The Forward-Futures Bias:
Conclusions

e Forward-Futures bias depends on covariance
of asset price with the bond roll-up factor

e Dias is more significant for bond futures
e Forward price > Futures price
e Interest rates: Forward rate < Futures rate

e Dias increases with maturity of futures con-
tract

e Dias is magnified in the case of futures on
options



